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1. IN~ODUCTION 
Let H be an infinite-dimensional separable Hilbert space, and let B(H) 
be the algeba of all bounded linear operators acting in H. Fix a selfadjoint 
operator JEB(H) which has a (bounded) inverse. Consider the differential 
equation 
J$ = iA x, -w<tl(w, (1.1) 
where A(t), - co < t < co, is a given f?(H)-valued function which is periodic 
with period T such that A(t)=A(t)* for all t and x(t) is an H-valued 
function to be found. In analogy with the terminology used in the linite- 
dimensional case, equations of the type (1.1) will be called canonical. We 
assume that A(t) is piecewise continuous. 
We say that Eq. (1.1) is stable if every solution x(t) is bounded on the 
real line. Observe that (1.1) is stable if and only if every solution is boun- 
ded on the half-line 0 < t < co. Equation (1.1) is called strongly stable if 
there is b > 0 such that every canonical equation 
J$= iA, X, -W<f<W 
with B( H)-valued T-periodic selfadjoint function A i (t) is stable provided 
sup II A,(t) - 4t)ll < 6. 
O=SfST 
(Again, A,(t) is assumed to be piecewise continuous.) 
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In this paper, we shall describe the connected components of the set of 
strongly stable canonical equations (in a natural topology). We shall leave 
aside the case when J is either positive definite or negative definite (in this 
case, every canonical equation is strongly stable), and from now on it will 
be assumed that J is indefinite. 
In the finite-dimensional case (dim H < a) the stability and strong 
stability properties of canonical equations have been subject to extensive 
research (see [7, 13, 5, 19, 3, 111; exposition in [21]). Here, various 
characterizations of strongly stable canonical equation, as well as a descrip- 
tion of connected components of such equations, are known. In the inlinite- 
dimensional case, the stable and stronly stable canonical systems were 
characterized in [14] (see also [S]). Another approach to stability of 
canonical systems was developed in [ 181. Infinite-dimensional equations of 
type (1.1) appear in the study of systems with distributed parameters (see, 
e.g., II61 ). 
These characterizations are given in terms of the monodromy operator of 
the canonical equation (1.1) which by definition is X(T), where X(t) is the 
B(H)-valued function uniquely determined as the solution of the initial 
value problem 
J dX(t) 
- = iA X(t), 
dt 
X(0) = I. 
It is easily seen that the monodromy operator M is J-unitary, i.e., 
M* JM = J. Conversely, for every J-unitary operator M there is a canonical 
equation of type (1.1) for which M is the monodromy operator. 
It turns out that stability and strong stability of (1.1) are decided solely 
by the spectral properties of the monodromy operator (see [ 14,4]; the 
details are given in the next section). So a J-unitary operator M will be 
called strongly stable if any canonical equation whose monodromy 
operator is M is strongly stable. 
Consider the set CE,,(J) of all strongly stable canonical equations (1.1) 
(with fixed J), with the topology induced by the norm 
max ILWI. 
OCIBT 
As the map 4: CE,,(J) + B(H) which sends each canonical equation into 
its monodromy operator is open (see Section 4), clearly a necessary con- 
dition for two strongly stable canonical equations to be connected in 
CE,,(J) is that the corresponding monodromy operators belong to the 
same connected component in the set of all strongly stable J-unitary 
operators. The main result of this paper (stated in the next section) implies, 
in particular, the following: 
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THEOREM 1.1. Let j + (resp. j _ ) be the dimension of the spectral subspace 
of J corresponding to the positive (resp. negative) part of the real axis (so 
O<j,<co andj++j-=m). 
(a) If j, = j- = co, then two strongly stable canonical equations are 
connected in CE,,(J) if and only if their monodromy operators are connected 
in the set of all strongly stable J-unitary operators. 
(b) If j + < co (resp. j _ < 00 ), then for any given connected component 
.? in the set of all strongly stable J-unitary operators there are exactly j, 
(resp. jP ) connected components in CE,,( J) whose monodromy operators 
belong to .Z. 
A more detailed description of the connected components in CE,,(J) is 
given in the next section. 
It is interesting to compare Theorem 1.1 with the corresponding results 
in the finite-dimensional case (see [S, 31): If dim H< co, then for any con- 
nected component Z in the set of all strongly stable J-unitary operators 
there are countably many connected components in CE,,(J) whose 
monodromy operators belong to E. The deep reason for this sharp contrast 
between the infinite- and finite-dimensional cases is that the group of all 
unitary operators on His simply connected if dim H = co and is not simply 
connected if dim H < co. 
2. THE MAIN RFWLTS 
First, we shall present a description of strongly stable canonical 
equations in terms of the monodromy operator. A subspace G c H (in this 
paper a subspace is always assumed to be closed) is called uniformly 
J-positive if there exists a positive constant K such that 
(Jx, x) b 4xll*, (2-l) 
for every x E G. Here and elsewhere (., . ) designates the scalar product in 
H. Replacing (2.1) by 
(Jx, xl 6 - JWl*, 
we obtain the definition of a uniformly J-negative subspace. Two subspaces 
G, and G2 in H are called J-orthogonal if (Jx, y) = 0 for every x E G, and 
YEG~. 
PROPOSITION 2.1. Let A4 be the monodromy operator of (1.1). 
(a) Equation (1.1) is stable if and only if there exists a direct sum 
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decomposition H = H, + H,, where H, (resp. H,) is a untformly J-positive 
(resp. uniformly J-negative) M-invariant subspace such that HP and H, are 
J-orthogonal. 
(b) Equation (1.1) is strongly stable if and only if there exists a direct 
sum decomposition as in (a) with the additional property that 
04 Hp) n 4MI & = 0. 
The result of Proposition 2.1(a) goes back to [ 171. In the linite-dimen- 
sional case Proposition 2.1(b) was proved in [ 15, 73. For a detailed 
exposition of the proof of Proposition 2.1 (in the infinite-dimensional case) 
see [ 14,4]. 
In particular, a necessary (but not sufficient) condition for stability of 
(1.1) is that the spectrum of M lies on the unit circle. 
In order to state one of the results of this paper, we need to introduce 
some notions. As in Theorem 1.1, let j, (resp. j- ) be the dimension of the 
spectral subspace of J corresponding to the positive (resp. negative) part of 
the real axis. Consider the set L2 = Q(J) of all finite sequences of 
type(a, ,..., Q), where k is even, uj are either positive integers or infinity, 
and 
a,+a3+ ... +akpl=j+, 
a,+~,+ .-. +a,=j_. 
Two sequences (tll ,..., elk) E Q and (/I, ,..., /I,) E Q will be called equivalent if 
k = 1 and for some even nonnegative integer p the equalities 
hold. One checks easily that this is a true equivalence notion. 
The following is one of the main results of this paper. 
THEOREM 2.2. Assume j- = j, = co. Then there is a one-to-one 
correspondence between the connected components in the set CE,,(J) of all 
strongly stable canonical equations (1.1) with fixed J and piecewise con- 
tinuous T-periodic serfadjoint A(t) and the set of equivalence classes in $2 
(CE,,(J) is considered in the norm topology induced by the norm 
max o<r<T IMt)ll-1 iv amely, given the equivalence class which contains 
(al,..., a,)EB, the corresponding component in CE,,(J) consists of all 
canonical equations whose monodromy operator X has the following proper- 
ties: there are k X-invariant subspaces H,, H,,..., Hk such that: 
(a) The sum H, + . . + H, is direct and equals the whole space H, 
(p) dim Hi = ai for i = l,..., k; 
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(y ) the subspace 
H, =H,+H,+ *** +H&l 
is a uniformly J-positive, while the subspace 
Hp=H,+H,+ ... +H, 
is uniformly J-negative; 
(6) H, and H- are J-orthogonal; 
(E) the spectrum of the restriction XI, is contained in the arc 
{e’B~~i-cf9<t3i+,}, where 
e,<e,< - <ek<ek+, =e, +27t 
are some real numbers. 
In particular, CE,,(J) has a countable number of connected components. 
If one of the numbersj, ofj- is finite, then the description of connected 
components of CE,,(J) is more complicated and cannot be given in terms 
of the monodromy operator only (however, in this case the number of con- 
nected components in CE,,(J) is also countable). For this purpose, we need 
to introduce the notion of the fundamental solution of Eq. (1.1 ), which is, 
by definition, the unique B(H)-valued function X(t) that solves the initial 
value problem 
J$= iA X(t), X(0) = I. 
Clearly, the fundamental solution is piecewise continuously differentiable. 
The following property of the fundamental solution is crucial. 
PROPOSITION 2.3. The fundamental solution X(t) is J-unitary for all 
tE [O, T]: 
X(t)* JX(t) = J. 
Proposition 2.3 is well known (see, e.g., [ 13, 93). It implies, in particular, 
that the monodromy operator X(T) is J-unitary. 
Assume now that j, < co, and let P, be the Riesz projector of J 
corresponding to the positive part of its spectrum. It turns out that for 
every J-unitary operator K (and in particular for the monodromy 
operator) the transformation P + KP + acting on the finite-dimensional 
space Im P, is invertible (see, e.g., Section IV.3.5 in [9]). 
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THEOREM 2.4. Assume j, < 00. Then to every equivalence class in Q 
there correspond exactly j, connected components in CE,,(J). Given the 
equivalence class which contains (a, ,..., c(~) E 52, the strongly stable canonical 
equations 
J$ = iAj(t) x, j=l,2 
belong to the same connected component in CE,,(J) tf and only tf their 
monodromy operators X1 and X, satisfy the conditions (a)-(v) of 
Theorem 2.2 and, in addition, the integer 
& {Arg[det P, Y(t) I’+]}::~’ (2.2) 
is divisible by j, . Here 
O<t<T; 
T<t<2T; 
2T<t<3T 
and Y,(t), 0 d t 6 T, is a piecewise continuously differentiable operator 
function whose values are stronly stable J-unitary operators and such that 
Y,(O) = X,(T), Yd T) = X,( T). 
In (2.2) Arg z stands for an argument of the nonzero complex number z, 
and it is assumed that the argument in the right-hand side of (2.2) is 
chosen to be continuous on t. 
It will be seen from the proof of Theorem 2.4 that the divisibility of (2.2) 
by j, does not depend on the choice of Y,(t) (subject to the conditions 
stated in the theorem). 
The proof of Theorems 2.2 and 2.4 will be given in the next three 
sections. 
Applying Theorem 2.4 with J replaced by -J, an analogous statement 
concerning the case jP < cc follows. 
3. TOPOLOGICAL PROPERTIES OF THE GROUP OF J-UNITARY OPERATORS 
In this section, we describe some topological properties of the group 
U(J) of all J-unitary operators which are needed for the proofs of 
Theorems 2.2 and 2.4. 
We start with the fundamental group of U(J). 
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LEMMA 3.1. Zf j, = j- = co, then the group U(J) of all J-unitary 
operators is simply connected (i.e., its fundamental group is zero). Zf one of 
j, or j.. is finite then the fundamental group U(J) is isomorphic to Z, the 
group of all integers. 
Proof Use the proof of Theorem IV.3.1 in [9] and the facts that the 
group of all unitary operators in an infinite-dimensional Hilbert space is 
simply connected (a result proved in [ 16]), while the group of all unitary 
operators in a finite-dimensional Hilbert space has the fundamental 
group Z. The latter fact follows from the simple connectedness of the group 
of unitary operators with determinant 1 in a finite-dimensional Hilbert 
space (see, e.g., p. 60 in [2]). 1 
In case j, -C co it is not difficult to describe the element n(X(t)) in the 
fundamental group of U(J) represented by a closed continuous loop 
X(t)E U(J), O< t< 1, where X(0)=X(l), 
“(X(t))=& (Argdet[P+X(t) P+]}:qA, (3.1) 
where P, is the Riesz projector corresponding to the positive part of the 
spectrum of J: 
p+ =&j (U-J))’ d/I, 
II-RI=R 
for R > 0 large enough. To verify (3.1), follow the proof of Theorem IV.3.6 
in [9] (which is based on [20 J ). Analogous observation applies in case 
j- < 00. 
Recall that a J-unitary operator X is called strongly stable if it is the 
monodromy operator of a strongly stable canonical equation (1.1). By 
Proposition 2.1, X is strongly stable if there is a J-orthogonal direct sum 
decomposition H = G, i G,, where G, is uniformly J-positive, G, is 
uniformly J-negative, both subspaces G, and G, are X-invariant, and 
~WIop) n 440”) = 0. 
Recall the definition of the set Sz and the equivalence relation on Sz given in 
Section 2. 
THEOREM 3.2. There is one-to-one correspondence between the connected 
components in the set U,,(J) of all stronly stable J-unitary operators and the 
set of equivalence classes in Q. More precisely, given the equivalence class 
which contains a = (a,,..., ak) E 0, the set of all J-unitary operators X 
satisfying the properties (a) - (E) of Theorem 2.2 is the connected component 
in U,,(J) which corresponds to a. 
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The topology in U,,(J) is the induced norm topology from B(H). 
We need the following lemma for the proof of Theorem 3.2. A uniformly 
J-positive (J-negative) subspace is called maximal if it is not contained in 
any strictly larger uniformly J-positive (J-negative) subspace. 
LEMMA 3.3. Let ET be the set of all maximal uniformly J-positive 
subspaces considered as the metric space with the gap metric 
e(G,, GJ = llpo, - Po,lL 
where P, is the orthogonal projector on a subspace G c H. Then ZT is 
connected. Moreover, given G, , G, E ET, there exists a continuous family 
of J-unitary operators K(t), 0 6 t < 1, such that K(0) = I and K( 1) G, = G,. 
In connection with the last statement, observe that for any maximal 
uniformly J-positive subspace G and J-unitary operator K, the subspace 
KG is again maximal uniformly J-positive. 
The basic properties of the gap metric can be found, for instance, in 
[12, 10, 83. 
Proof Replacing if necessary J by T* JT with some invertible operator 
T, we can assume without loss of generality that 
J= 
I 0 [ 1 0 -I 
with respect o certain orthogonal decomposition H = H, @j H,. Then any 
maximal uniformly J-positive subspace is of the form 
Im 
I [I K 
for some operator K: H, + H, with 11K1( < 1 (see [ 11; p. 67 in [4]). Since 
the set of all linear contractions from H, into H, is obviously connected, 
the first part of the lemma follows. The second part of the lemma follows 
from Theorem 1.5 in [ 11. 1 
Proof of Theorem 3.2. Given 0: = (aI ,..., elk) E 52, let x’ E U::)(J) and 
X” E U!;)(J) be operators satisfying the propertles (CL)--(E) of Theorem 2.2 
with the numbers 0; < . . . < t3; and 0: < .. * < f9,N for X’ and X”, respec- 
tively, and with the subspaces Hi ,..., H;, and H; ,..., Hi, respectively. We 
have to show that X’ and x” are connected in U,,(J). Denote 
H’+=H;/H;+‘.. /Hkp,; H’=H;/H:,/ ... iHj, 
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and define analogously H’i and H” . Then 
H’+/H’=H’;+H”=H, (3.2) 
and the direct sum decompositions in (3.2) are J-orthogonal. In fact, 
H’ = (H’, ).‘I, (3.3) 
where GJ’ stands for the J-orthogonal companion to a subspace G: 
GJ’= (xd (Jx, y)=O for all yoG}. 
Indeed, since H’+ is uniformly J-positive, its J-orthogonal companion is a 
direct complement o H’+ (see, e.g., the proof of Theorem 4 in [ 143). Now 
(3.3) follows from (3.2). Analogously, 
H” = (H’k )Jh (3.4) 
Observe that for a maximal uniformly J-positive subspace G, its 
J-orthogonal companion GJ’ is uniformly J-negative (see, e.g., 
Corollary 1.1.3 in [ 121) and, moreover, G i GJ’ = H (Theorem 4 in [ 143). 
By Lemma 3.3, there is a continuous family of J-unitary operators K(t), 
0 < t < 1, such that K(0) = I and (K( 1)) H’; = H’+ (in particular, K(t) H’L 
is maximal uniformly J-positive for every t E [0, 11). It follows from (3.4) 
that 
Let 
(K(t) H:)JL =K(t) H”, tE [O, 11. 
X(t)=K(t)X”K(t)-1. 
Then the operator X(t) is J-unitary and the subspaces K(t) H’; and 
K(t) H” are X(t)-invariant (0 < t < 1). Hence X(t) E U,,(J), and it is suf- 
ficient to show that X(1) and x’ are connected in U,,(J). To this end we 
consider separately the restrictions X( 1 )I H;, X’l H;, and X( 1 )I ,,- , X’I W-. As 
H’+ is uniformly J-positive, we can use the standard spectral theory for 
unitary operators to verify that the subspaces Hi, Hi,..., HL- 1, as well as 
K(1) H;, K(1) H;,..., K( 1 )E _ r, are mutually J-orthogonal (because they 
correspond to disjoint parts of a(X) and 0(X(l)), respectively). Since, 
moreover, 
dim Hi = dim(K( 1)) Hi’), i = 1, 3 )...) k - 1, 
there exists a J-unitary operator L on H’+ such that 
LH; = K( 1) H;, i= 1, 3 ,..., k- 1. 
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Clearly, the group of J-unitary operators on HI+ is connected. So there 
exists a continuous path L(t), 0 < t < 1, of J-unitary operators on H’+ such 
that L(0) = L and L( 1) = I. Using the corresponding continuous path of J- 
unitary operators L(t)- ‘X( 1)l H; L( t), we can assume that actually 
K( 1) H,!’ = Hi, i = 1, 3 ,..., k - 1. Analogously, we can assume that 
K(l)HI’=H; for i=2,4 ,..., k. 
Observe that 
o(YI,;)c {eieI f9j<8<8~+,}, 
cr(X(l)l”;)C (eq 81’<84?:r+,}, i=l k. ,.‘., 
Now for j = l,..., k let Ej(l), 0 < 3, < 27c, be the resolution of identity for 
the J-unitary operator X( 1 )I “;, so 
Let fj(l, t), j= l,..., k, be a continuous function on the rectangle (A, t) E 
(0:, 6$‘+ i ) x [0, 1 ] defined by the formula 
fi(n,t)=[(i-tt)(e~+,-e~)+t(e~+,-ei)l 
x(el,+,-e,l’)-‘(~-e~)+(i-t)e~+tel. 
Define 
Yj(t) = (f+’ exp[ifi(& t)] dEj(n), O<t<l 
and let Y(t): H + H be the linear operator defined by Y(t)1 Hj = Y](t), 
j= l,..., k. By construction, Y(t) is a continuous U,,(J)-valued function of 
tE co, 11, 
Y(O)=X(l) and ~(Y(l)l+ (eieI e;<e<e;+,). 
So we have reduced the proof of connectedness of U,,(J) to the proof of 
the following statement: Given two real numbers q, < q2 (Y/~ - vi < 27r), the 
set Q = Q(H; q, , r],) all unitary operators X acting on the Hilbert space H 
such that 
is connected. Indeed, assuming for simplicity that q1 < 0 < q2 = - vi, and 
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letting E(I) be the spectral resolution of identity corresponding to a 
unitary operator XE Q, put 
X(t) = j-” ei” dE(;1), O<fbl. 
‘II 
Then X(t), t E [0, 11, is a continuous family of unitary operators in Q such 
that X( 1) = X and X(0) = Z. Hence Q is connected. 
Now we will show that, conversely, any two operators XEU~;)(J) and 
YE Ui,B)(J) with c1= (ml,..., tag) E IR and B = (bl ,..., 8,) E 0 not equivalent 
cannot be connected by a continuous curve in U,,(J). It will sufftce to 
prove that a sufficiently small neighborhood of every XE U::)(J) consists of 
operators in U::)(J) only. But this follows from the proof of 
Proposition 2.1(b) (see [4]). 
Theorem 3.2 is proved completely. 1 
4. PROOF OF THEOREM 2.2 
First, we shall describe the canonical equations in terms of curves of 
J-unitary operators. 
~oPosIrIoN 4.1. Every piecewise continuously differentiable curve X(t), 
0 < t < T, such that X(t) is J-unitary for all t E [0, T] and X(0) = Z, is the 
fundamental solution of a canonical equation (1.1) with uniquely determined 
4th 
For the proof of Proposition 4.1, put 
dX(t) A(t)= -iJ7X(t)-‘, O<t<T 
and continue A(t) by periodicity to the whole real line (see, e.g., 
Section 11.1.1 in [9] for details). 
Propositions 2.3 and 4.1 show that there is one-to-one correspondence 
between the set of all canonical equations (1 .l ) and the set of all piecewise 
continuously differentiable J-unitary curves defined on [0, T] which take 
value I at zero. This correspondence turns out to be a homeomorphism. 
More exactly, let &’ be the normed linear space of all B(H)-valued T- 
periodic selfadjoint piecewise continuous functions defined on the real line 
with the norm 
IlAll =oy;:T IIA(t)ll, A(t) . . 
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Let e!(J) be the set of all piecewise continuously differentiable paths X(t), 
TV [0, T], such that X(t) is J-unitary for all [E [0, T] and X(O)= I. We 
consider 4?(J) as a metric space with the distance function 
for X(t), Y(t) E a(J). 
PROPOSITION 4.2. The one-to-one and onto correspondence 4: & -+ %(J) 
defined by the property that +6(,4(t)) is the fundamental solution of the 
canonical equation ( 1.1) is a homeomorphism. 
This proposition follows essentially from the well-known results on 
dependence of the solutions of a differential equation on the parameters of 
that equation. For the details, see the proof of Theorem 11.1.2 in [9]. (In 
[9] only the finite-dimensional case was studied; however, the intinite- 
dimensional version can be proved in the same way.) 
Further, note that if X(t), Y(t) E a(J) can be connected by a continuous 
path, i.e., there is a continuous function K(t, z): [0, T] x [0, l] + U(J) 
such that 
K(t, 0) = x(t), K(t, 1) = Y(t), K(0, T) = z, 
then there is also a function K(t, z) as above with the additional property 
that K(t, z) is piecewise continuously differentiable on t (for every fixed z) 
and 
for every r. E [0, 11. This is easily seen from the fact that locally U(J) looks 
like an infinite-dimensional real Banach space; more exactly: 
PROPOSITION 4.3. Let H, and H- be the spectral J-invariant subspaces 
corresponding to the positive and negative parts, respectively, of a(J). Then, 
given a J-unitary operator X, there is a neighborhood N, of X in U(J) and a 
homeomorphism 
where N, is a neighborhood of zero in the Banach space of all bounded linear 
operators from H, to HP, and N, (resp. NP ) is a neighborhood of 0 
in the real Banach space of all bounded selfadjoint operators acting in 
H, (resp. H- ). Moreover, the homeomorpism Y can be chosen so that Y and 
Yy- ’ are continuously Frechet differentiable. 
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Proposition 4.3 can be proved by following the arguments in the proof of 
Theorem IV.3.1 in [9]. 
Now Theorem 2.2 follows from Theorem 3.2 by taking into account 
Proposition 4.2 and Lemma 3.1. 
5. PROOF OF THEOREM 2.4 
Let Q(J) be the connected component in the set U,,(J) of all strongly 
stable J-unitary operators, which is determined by the equivalence class in 
Q containing a = (~1, ,..., ak) (see Theorem 3.2). Given two continuous 
functions X(t), Y(t) of t E [0, 1 ] whose values are J-unitary operators and 
such that X(0) = Y(O)= I and X(1) E U:;)(J), we say that the continuous 
curves X(t) and Y(t) are homotopic with respect to U!;)(J) if there is a con- 
tinuous function K(u, u) on the square (u, v) E [0, l] x [0, l] with J-unitary 
values such that 
K(0, u) =X(u); K( 1, u) = Y(u) 
for all u E [0, 1 ] and 
for all UE [0, 11. 
K(u, 0) = z; K(u, 1) E W’(J) ss 
In view of Theorem 3.2, Proposition 4.2, and the remark preceding 
Proposition 4.3, the proof of Theorem 2.4 will be completed if we show that 
following: 
(i) Given two continuous functions X(t), Y(t) us aboue define 
O<t<f 
f<t<$ 
$<1<1. 
where Z(t), 0 < t < 1, is a continuous curue in U:,*)(J) such that Z(0) = A’( 1) 
and Z(l)= Y(1). Let 
nW=& [Arg det(P+ W(t) P,)]::!,, 
where P, is the finite rank Riesz projector corresponding to the positiue part 
of a(J). Then n, (mod j,) does not depend on the choice ofZ(t). 
(ii) Given X(t) and Y(t) as above, they are homotopic with respect to 
Vi;)(J) if and only if n W = 0 (mod j, ). 
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Both statements (i) and (ii) follow easily from the following lemma 
taking into account Lemma 3.1 and the remark thereafter. 
LEMMA 5.1. The f~n~mental group of iIf,,“) is isomorphic to 2. More 
exactly, for any continuous curve X(t), 0 Q t d 1, with values in t’:;)(J) and 
such that X(0) = X( 1 ), the integer 
is diuisible by j, , and any such continuous curve X(t) with n, = + j, 
produces a generator in the fundamentaz group of U$( J). 
The rest of this section will be devoted to the proof of Lemma 5.1. 
It is convenient to prove first the following auxiliary result. 
LEMMA 5.2. Let 8, < e2 be real numbers uch that tf2 < 8% + 2-n. Then the 
set Q(G; %,, 8,) of ail unitary operators X in a separable Hilbert space G 
cfinite or infinite dimensional) with the property that 
o(X)c {et’1 %,<@<%,j 
is simply connected. 
Proof. We have seen already that Q(G; %,, %,) is connected (see the 
proof of Theorem 3.2). 
Assume for simplicity that 8, <O-C e2. Let X(t), 0~ t < 1, be a con- 
tinuous curve in Q(G; 6,, %,) such that X(0)=X( 1) = 1, and let E,(1) 
(%, <A < %,) be the spectral resolution of identity corresponding to X(t), 
Then put 
Y( t, s) = se2 eis” dE,(I). 
fh 
Obviously, Y(t, s) is a continuous operator function of (t, s) E 
[0, l] x [0, l] with values in Q(G; 6,, %,), and 
Y(t, 1)=X(t); Y( t, 0) = r; O<t<l; 
Y(l,s)= Y(O,s)=I; O<s<l. 
So the simple connectedness of Q(G; el, %,) follows. 4 
Proof of Lemma 5.1. Let X(r), 0 & t < 1, be a U:;)(J)-valued continuous 
curve such that X(0) = X( 1). We shall prove that n, is divisible by j, . For 
every tE 10, 11, let 8,(t) < ... c%,(t) -C ek+ i(t) = e,(t) + 2n be real num- 
bers such that the properties (E)--(E) described in Theorem 2.2 hold for 
X(t), with some subspaces H,(r) ,..., Ilk(t) (it is assumed here that TV = 
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(a i ,..., ak)). Such ej(t) exist by Theorem 3.2. Clearly, we can choose ej( t) to 
be continuous functions of t E [0, l] which satisfy, in addition, 0,(l) = 
ej(o) + 2px, j = o,..., k + 1, for some integer p (independent ofj). It follows 
that Hj( 1) = Hi(O), j = l,..., k (indeed, Hj( 1) is the spectral X( 1 )-invariant 
subspace corresponding to the part of a(X( 1)) lying in the arc 
{eieI ej<e<ej+,}, and hence H,( 1) is uniquely determined by 
X( 1) = X(0)). Observe further that n,, being a continuous function of the 
curve X(t), does not change if X(t) is replaced by any continuous U:,*)(J)- 
valued curve Y(t), 0 < t < 1, which is homotopic in V!;)(J) with fixed ends 
to X(t) (it means that there exists a continuous U::)(J)-valued function 
K(t,s), Ogt,s<l, such that K(t,O)=X(t); K(t, l)= Y(t); K(O,s)= 
K( 1, s) = X(0) for all t and s). So, applying the arguments employed in the 
proof of Theorem 3.2, we can assume without loss of generality that 
H,(t) = Hi (j= l,..., k) are fixed subspaces (independent oft). We can 
assume also that the subspace H, i H, i . . . i Hkp 1 coincides with 
Im P, (this amounts to shifting the beginning and end point X(0) to a dif- 
ferent point in V:;)(J)). But now, clearly 
which is divisible by j, . 
Observe that one can easily produce a curve X(t) as above for which n, 
is any prescribed multiple of j, . As U:;)(J) is a subset in U(J), Lemma 3.1 
and the remark thereafter imply that any curve X(t) as above with n, # 0 is 
not contractible in Vi;)(J) to a constant. Hence, in order to prove 
Lemma 5.1, it remains to show that any continuous U:;)(J)-valued curve 
X(t) with X(0)=X( 1) and 
[Argdet(P+X(t) P+)];fh=O (5.1) 
is homotopic in U:,“)(J) with fixed ends to a constant function Y(t) = X(0) 
for all t E [0, 11. Using the notation of the preceding paragraph, we can 
assume that Hi(t) = Hi (j= l,..., k) and that 
H,-iH,/H,/ ... $H,_,=ImP+. 
Let e,(t)< ... < e,(t) < tIk + I(t) = e,(t) + 2x be defined as in the preceding 
paragraph. Then (5.1) implies e,(l) = ej(0) for j= l,..., k+ 1, 
Let E,(i), 0 <J! < 2n, be the resolution of identity corresponding to the 
J-unitary operator X(s)IH, (j= l,..., k), and define 
fitA 6 s) = C(1 - t)(ej+ I@) - ej(s)) + 4ej+ l(O) - ej(0))l 
. (Oj+ 1(S) - ej(s))-‘(A - e,(S)) + (1 - t) 6,(S) + tej(o) 
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for 0 < t, s < 1. Further, put 
q(t, s) = /ee~+)+i exp[ifi(J, t, s)] &,(A) 
JS 
and define Y(t, s): H-r H by 
Y(t, %,,= Yj(t, h,, j= I,..., k. 
(Analogous construction was used in the proof of Theorem 3.2.) Clearly, 
Y(t, s) belongs to U:;)(J) for every t, s E [O, 1 ] and has the properties that 
w4 8) = n), O<$<l (5.2) 
Y(t, l)= Y(t,O)=X(O)=X(l), O<t<l (5.3) 
and 
w-(1AH,)~ {@I fqO)~~~~~.,(O)} (5.4) 
for SE [0, l] and j= l,..., k. It is easily seen that Y(t, S) is a continuous 
function of (t, s) E [0, 11 x [0, 1 ] (indeed, Yj(t, s) can be written in the 
form 
Yj(t? $1 = exp 
II 
aj(t, 3) 5 lnLW)lH,) + Pj(t, S) Z 
I 
for suitable continuous scalar functions uj(t, S) and Bj(t, s) and a suitable 
branch of the logarithm). 
Denote by Qj the set of all J-unitary operators X acting on Hj and such 
that 
o(X) c (eiel ej(o) < e < e,, l(O)}. 
Lemma 5.2, applied for every Qj, shows that the curve Y(l, s), 0 <S < 1, 
is homotopic in Q, with fixed ends to a constant function. 
Equations (5.2)-(5.4) show that the curve X(x) is homotopic in U:,*)(J) 
with fixed ends to a constant function, and Lemma 5.1 is proved. 1 
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